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ABSTRACT

The following result is proved: For every £ >0 there is a C(g)> 0 such that
every finite metric space (X, d) contains a subset Y such that | Y| = C(¢)log| X |
and (Y, dv) embeds (1 + & )-isomorphically into the Hilbert space L.

0. Introduction

Define the Lipschitz distance between two finite metric spaces (X, p) and
(Y,d)suchthat| X|=|Y|as d(X, Y)=inf|| ¢ |upl| &' |uir, where the infimum is
taken over all one to one and onto maps ¢ : X — Y. Remember that

d(g(x),
i — SU
Il = sup LLLERL
If d(X, Y)=c, we call such spaces c-isomorphic.
The following result can be regarded as an analogue of the famous theorem of
Dvoretzky [1] in the linear theory.

THEOREM. For every ¢ >0 there is a C(e)>0 such that every finite metric
space (X,d) contains a subset Y such that (Y,d ly) embeds (1+¢)-
isomorphically into the Hilbert space I, and

[Y|=C(e)log [ X].

Moreover, one can take C(e)= cie/log(c./e) (if 0< & <1) where c;, ¢, are
positive constants.

ReEMARK. We show also that this result cannot be improved in the general

" The authors are grateful to Haim Wolfson for some discussions related to the content of this
paper.
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case, i.e. the logarithmic order of | Y| can be optimal even if X is 2-isomorphic
to a subset of /.
1. Proof of the Theorem

Let 3> & >0 be a fixed number and let (1+8)""' >4. (It will turn out that
14+ & =(1+8).)Let (X, d) be a finite metric space. We shall define inductively
decreasing sets Xo=X D X, D -+ D X, so that

|x+,|z;;—|x..[ fori=0,1,....

Suppose that X; has been defined and
I X |zm™7|X|>m.
We pick x; € X; arbitrarily and let
d; =max{d(x,x):x € X;}.
We also pick y; € X; such that d(x;, y;) = d; and let
A={x€X d(x,x)=1d}.

We let g(i)=0if | A;|>(1/m)| X, | and g(i)=1 otherwise.
If g(i)=0 we put X, = A,
If g(i)=1, we can find an 7, = n <1 such that the set

B, ={x € X :nd; <d(x,x)<(1+ 8)nd}

satisfies | B, | = (1/m)| X, | (because (1+8)" ' =4).
In this case we let X, = B,.
In both cases we have

X1 gi X|lzm X
m

and unless [ X |= m'"? we can continue this inductive procedure.
Hence, if m* <|X|=m""', then we can define x, y, g(i) for i=
0,1,....k—1. Now we shall consider the sets

X={x:0=2i<kg@)=1} and Y={y:0=i<k,g(i)=0}

Clearly, | X |+| Y| =k, hence one of them must have at least 1k elements.
We shall show first that X has a big subset which is (1 + 8 )-isomorphic to a
subset of L.



Vol. 55, 1986 FINITE METRIC SPACES 149

Write X ={x,, X,,...,x,}, where i, <i,<---<i, and put z;=x, for j=
1,...,s. Observe that the formula
d'(zi, z))=max{d(z, z,): i <7 =5}
for 1 =i<j=s defines a metric d’ on X which satisfies
d(z,z))=d'(z,z))=(1+ 6)d(z, z;)

and d'(z, z;)= 8, = d'(z, z,) for i <j=s. Since (X, d') is (1 + & )-isomorphic to
(X,d | x), it suffices to find a subset of (X, d’) which is (1 + §)-isomorphic to a
subset of I,. Let

X, ={zeX:(1+8)"=6<(1+8)"}

for each integer n.
Observe that z, € X,, z; < X,.,. implies that i < j.
Indeed, suppose that j <i, then we would have

& = d(x;, x,)= dix, x;,)+ d(x, x,) =28,
and hence
1+8)"=86=25<21+8) ™" <s(1+8)™"
Now consider the sets
U{X, : n = a(mod m)}

fora =0,1,...,m — 1. One of them, call it X’, has at least (1/m)| X | elements.
Clearly, if z, z; € X' and i < j, then either {z, z,} C X, for some n, or z; € X,,
2 € X,vom s Z 1. In the first case (1+8)" < §,/8; <1+ 8, in the other case

5 =(1+4+8)""""=(1+8)""8 =18.
Now put for z, z; € X, i <
d"(z,z)=6 =min{s,:1s7=iz € X}.
The function d” defines a new metric on X
(1+8)'d'(znz)=d"(z, z) = d'(2,, Z}).

(It is a metric because the numbers §; decrease.)
It remains to apply the following fact.

LEmMA. If p is a metricon a set S ={s1,s,,..., S.} such that p(s,, s;) = p(s;, s.)
if1=i<j=nand
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p(51,8)Z p(s2,8.)Z - 2 p(5,,5.)=0
then (S, p) is isometric to a subspace of L.
The proof of the lemma is left as an exercise.

We turn our attention to the second structure Y.

One may show that (Y, dy)is Z-isomorphic to a subset of the real line (with the
standard metric).

Enumerate again Y ={y,,...,y.}, t =k —s, where j,<j,<---<j, and put
yi = w;. Define T(w.) = d(w, w,).

Note that if w; =y, j<t, then

{Wirt,...,w}CA,
Since diam A; =2-id(x, y;)=1d; and d(w, y;) = d; —id; =id; we see that
T(Wia) =3d, =1T(w).
Hence if 1=i<j=t then T(w;)= T(w;) and
td(w, w)=id(w, w)=| T(w)— T(w;)| = d(w, w,)=3d(w;, w;).

This estimate can be easily improved by passing to a thinner subsequence. Let
U = Wig-ym for i=1,2,...,[(t—1)/m]=1t". Then

T(v.)=(G)"T(v)
and, letting G)" = a, we can estimate for 1=i<j=t

(- a)d(v, w)= T(v) - T(v,)= T(v) = d(v, w.).

Also
d(v, v;) = d(v, w)+ d(v, w) =1+ a)d(v, w)
and
d(v, w)=d(v,v;)+ d(v, w),
whence

d(v, ;)= (1 - a)d(v, w,).

It follows that T defines a (1 + a)/(1 — a)’-isomorphic embedding of V =
{vy,...,0} into L. If 0<e<1 and a =()" <e/6, then we get a (1+¢)-
isomorphic embedding.
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Consequently, one of the sets X’ and V must have at least (1/m )k ) elements
and both admit a (1 + & )-isomorphic embedding into  if (1+ 8)* < 1 + . Since
k+1=(logm)'log | X|
and m depends only on £. The required estimate follows now from a simple
computation
2. Construction of an Example

DEeFINITION.  Denote y(X, d) the Lipschitz distance from (X, d) to a subset of
Hilbert space.

Proposition.  There is £q with the following property. If n = s =3+ 2log:n,
then there is a metricd on Z, ={1,...,n} s.t.

‘Y(X,d |x)§1+€0

for every subset X C Z,, with | X | = 5. Moreover, d takes only values 0, 1, 2, hence
‘YZ(Zn, d) é 2.

NoOTATION. A metric d on X is called a D-metricif d(x,y)€ D forx, y € X.
We shall use this convention only for D ={0,1,2}.

Facr 1. If d is a D-metric on X then either y(X,d)=1or y(X,d)= 1+ ¢
where ¢,>0 is an absolute constant; this distance is attained for some (X, d)
where | X |=4.

Fact 2. Let @, be the set of all those D-metrics d on the set {1,..., s} such
that y(X,, d)= 1. Then

|9, | =512

ProOF OF THE RESULT.  Note first that there are exactly 2", N = (5), D-metrics
on the set Z,.
We shall estimate | ¢ |, where

£={d€D,:3XCZ,|X|=s;y(X,d|x)=1}.
Using Fact 2 we get
[€]=(@)s12e2"9,
Since (})< n’/s!, in order that |[£|<|9, |, it will suffice that

@eny29=1
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or

s—3
2

log;n =

PrOOF OF FacT 1. Let d be a D-metric on a set X.

We may assume that | X | = 4, since otherwise X is isometric to a subset of the
Euclidean plane.

We shall consider two cases.

Case 1. The relation d(x,y)=1 for x, y € X is transitive, and hence it is an
equivalence relation on X.

In this case one shows easily that y(X,d)=1.

Case II. 'The relation d(x,y)=1 is not transitive. This implies that there
exist x, y, z€ X s.t. d(x,y)=1, d(y,z)=1, d(x,z)=2. Pick another point
w E X Let X, ={x,y,2 w}. It is clear that the set (X, d) cannot be embedded
isometrically into l,. (One could not have an isometric embedding T with
T(x)=e, T(y)=0, T(z)= —e, and |[e,— Tw|, |[0— Tw |, | — es— Tw || being
either 1 or 2.) Since y(X, d) Z y(X,, dx,) and there are only finitely many types
of D-metric spaces on {x,y, z, w}, the existence of some g, is obvious. This
proves Fact 1.

ProoF OF Fact 2. To obtain Fact 2, it suffices from previous discussions to
estimate from above the number of equivalence relations, on the set Z,. Since
after a suitable permutation of Z, the classes of equivalent elements become
intervals which can be coded by marking their initial elements, the estimate by
s12° becomes obvious.
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