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ABSTRACT 

The following result is proved: For every e >0  there is a C(e)>0  such that 
every finite metric space (X, d) contains a subset Y such that [ Y [ _-> C(e) log I X[ 
and (Y, de) embeds (1 + e)-isomorphically into the Hilbert space 12. 

O. Introduction 

Define the Lipschitz  dis tance be tween  two finite met r ic  spaces ( X , p )  and 

( Y, d )  such that  I X I = I Y I as d(X,  Y) = inf II ~ ILL,, II ~ ' - '  Ilup, where  the inf imum is 

t aken  ove r  all one  to one  and  on to  maps  ~b : X- -*  Y. R e m e m b e r  that 

d ( ), 
II IIL,o -- sup x~y p ( x , y )  

If d(X,  Y )  <- c, we call such spaces c - i somorphic .  

T h e  fol lowing result  can be regarded  as an ana logue  of the f amous  t h e o r e m  of 

D v o r e t z k y  [1] in the l inear theory.  

THEOREM. For every e > 0 there is a C ( e ) >  0 such that every finite metric 

space ( X , d )  contains a subset Y such that (Y, d l y  ) embeds ( l + e ) -  

isomorphically into the Hilbert space 12 and 

[ Y I =  > C ( e ) l o g  I X  I. 

Moreover, one can take C ( e ) =  c, e l l o g ( c d e )  (i[ 0 <  e < 1) where c~, c: are 

positive constants. 

REMARK. We show also that  this result  canno t  be i m p r o v e d  in the genera l  

' The authors are grateful to Haim Wolfson for some discussions related to the content of this 
paper. 
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case, i.e. the logari thmic order  of I Y[ can be opt imal  even if X is 2- isomorphic  

to a subset of 12. 

I. Proof of the Theorem 

Let  ½ > ~ > 0 be a fixed n u m b e r  and let (1 + ~),~-1 > 4. (It will turn out  that  

1 + e = (1 + c5)2.) Let  (X, d )  be a finite metric space. We shall define inductively 

decreasing sets Xo = X D X, D • • • D Xk so that 

1 Ix,  i for i = 0 , 1  . . . . .  

Suppose  that  X, has been defined and 

Ix, l > - m - ' l X l > m .  

We pick x~ E X~ arbitrarily and let 

d, = max{d(x,, x):  x E X,}. 

We also pick y~ E Xi such that  d (xl, y~) = d, and let 

A, = { x  ~ X ,  :d(x,,x)<=Jd,}. 

We let g ( i ) = 0  if IA, I>(1/m)lx, land g ( i ) =  1 otherwise.  

If g ( i ) =  0 we put X~+, = A,. 
_1< 

If g ( i ) =  1, we can find an 77, 4 = -r/< 1 such that  the set 

B,~ = {x E X, : rid, < d(x,, x)  <= (1 + ~)r/d,} 

satisfies ]B ,  I -  > ( i / m ) ]  X~ ] (because (1 + ~),,-1 _ 4). 

In this case we let X~+~ = B~. 

In both cases we have 

Ix,+,l>=±lx, l>_m-'-llx I m 

and unless I X [ =  < rn ~÷2 we can cont inue  this inductive procedure .  

Hence ,  if rn k <lXl<-_m k+', then we can define x,, y,, g(i)  for  i =  

0, 1 . . . . .  k - 1. Now we shall consider  the sets 

f ( = { x , : O ~ i < k , g ( i ) = l }  and Y ' = { y , : O < = i < k , g ( i ) = O } .  

Clearly,  I X-I + I f l  = k, hence one of them must have at least ½k elements.  

We shall show first that  ~" has a big subset which is (1 + 8)2-isomorphic to a 

subset of l.~. 
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Write  .~={x~, ,x~ . . . . .  x~.}, where  i l < i 2 < . . ' < i s  and put  z j = x ,  i for  ] =  

1 . . . . .  s. O b s e r v e  that  the fo rmula  

d ' ( z ,  zi) = max  {d(z~, z , ) :  i < z =< s} 

for 1 =< i < j - s defines a metr ic  d '  on X" which satisfies 

d(z,, z,) <= d'(z~, z,) <= (1 + 6 )d(z~, zj) 

and d'(z,, zi) = & = d'(z~, z,)  for  i < 1  =< s. Since ()~, d ' )  is (1 + 6 ) - i somorph ic  to 

()( ,d Ix), it suffices to find a subset  of (X, d ' )  which is (1 + 6 ) - i somorph ic  to a 

subset  of 12. Let  

f i .  ={z,  E X : ( I + 6 ) - "  -<6, < ( 1 + 6 )  1-" } 

for each integer  n. 

Obse rve  that  z~ E X., zj < X.+,. implies that  i < ]. 

Indeed ,  suppose  that  ] < i, then we would have  

6, = d(x,, x ,)  <= d(x,, xj) + d(xj, x.~) <= 26i 

and hence  

(1 + 6)-"  < 6, -< 26j < 2(1 + a ) '  . . . .  < ½(1 + 6)-". 

Now consider  the sets 

U {9~, : n ~ a (rood m)} 

for a -- O, 1 . . . . .  m - 1. One  of them,  call it X ' ,  has at least (1 /m)  [ J (  [ e lements .  

Clearly,  if zl, zj ~ X '  and i < j ,  then  ei ther  {z~, zj} C Ji ,  for  some  n, or  z~ E J I . ,  

zj ~ .~, ..... s _-> 1. In the first case (1 + 8) -1 < & / 6  i < 1 + 6, in the o the r  case 

6,. = < ( 1 + 6 )  1 . . . . .  =< (1 + 6),-m& =<1_~6i" 

Now put  for  z~, zj E .-Y, i < j 

d"(z~, zj) = t~ = rain{& : 1 5 z =< i, z. E J(}. 

The  funct ion d" defines a new metr ic  on J(  

(1 + 6) 'd'(z,, z,)<- d"(z,, z,)<= d'(z,, z,). 

(It is a metr ic  because  the number s  ~ decrease . )  

It  r emains  to apply  the fol lowing fact. 

LEMMA. I f  p is a metric on a set S = { s,, s~ . . . . .  s.} such that p ( s. si ) = p ( s. s. ) 

if l < = i < j < = n  and 
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p(s, ,  s,) > p(s2, so)>---- "'" >---- p(s,, s,) = 0 

then ( S, p)  is isometric to a subspace of  Iz. 

The  p roof  of the lemma is left as an exercise.  

We turn our  a t tent ion to the second structure I7". 

One  may show that  (I7, d~.) is ~- isomorphic  to a subset of the real line (with the 

s tandard  metric).  

E n u m e r a t e  again 17 = {yj, . . . . .  yj,}, t = k - s, where  ]~ < ]2 < " "  < ], and put  

yj, = w,. Define T(w,)  = d(w,, w,). 

No te  that  if w, = y~, j < t, then 

{w,+, . . . . .  w,} CA,. 

Since diam Aj --< 2.  ld  (xj, yj) = ½dj and d (w,, yj) => dj - ~d~ = ~d~ we see that  

T(w,+,)- ½aj _-<~T(w,). 

Hence  if 1 =< i < j  =< t then T(wj)<= T(w,)  and 

¼d(w,. < '  w , ) = ~ d ( w , , w , ) < l T ( w , ) - T ( w , ) l < d ( w , ,  = = w,) = ~d(w,, < "  w,). 

This es t imate  can be easily improved by passing to a th inner  subsequence .  Le t  

v~ = w,+o-,)m for  i = 1,2 . . . .  , [ ( t - 1 ) / m ]  = t'. Then  

T(v,+,)<= (~)'T(v,)  

and, lett ing (_~)m = a,  we can est imate for  1 _<- i < ] =< t' 

(1 - a ) d ( v , ,  w , ) =  < T ( v , ) -  T(vj)<= T ( v , )  = d(o,, w,). 

Also 

and 

whence  

d(v,,  vj) <-_ d(v,, w,)+ d(vj, w,) <- (1 + a)d(v ,  w,) 

d(o,. w,)_-__ d(o,. o~)+ a(o. w,). 

d(v,,  vj)_-  > (1 - a ) d ( v , ,  w,). 

It follows that T defines a (1 + a ) / ( 1 -  ~,)2-isomorphic embedd ing  of V = 

{v~ . . . . .  vr} into 12. If 0 < e < l  and ot =(~)"  < e / 6 ,  then we get a ( l + e ) -  

i somorphic  embedding.  
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Consequently, one of the sets X '  and V must have at least (l"/m)(½k) elements 

and both admit a (1 + e )-isomorphic embedding into 12 if (1 + 6) 2 _-< 1 + e. Since 

k + 1_-> (log m)- '  iog IX[  

and m depends only on e. The required estimate follows now from a simple 

computation 

2. Construction o[ an Example 

DEFINITION. Denote  y(X, d) the Lipschitz distance from (X, d)  to a subset of 

Hilbert space. 

PROPOSITION. There is eo with the following property. I f  n _-> s - 3 + 2 Iog2n, 

then there is a metric d on Z, = {1 . . . . .  n} s.t. 

v ( X , d  Ix)--> 1 + e0 

for every subset X C Z ,  with [ X [ = s. Moreover, d takes only values 0, 1, 2, hence 

y2(Z,, d) _-< 2. 

NOTATION. A m e t r i c d o n X i s c a l l e d a D - m e t r i c i f d ( x , y ) E D f o r x ,  y E X .  

We shall use this convention only for D = {0, 1, 2}. 

FACT 1. If d is a D-metr ic  on X then either y(X, d) = 1 or y(X, d)_- > 1 + eo 

where eo > 0 is an absolute constant; this distance is attained for some (X, d) 

where [X[  = 4 .  

FACT 2. Let  9 ,  be the set of all those D-metrics d on the set (1 . . . . .  s} such 

that v ( X ,  d)  = 1. Then 

". 

PROOF OF THE RESULT. Note first that there are exactly 2 N, N = (~), D-metrics 

on the set Z,. 

We shall estimate [~ [, where 

= { a  : c zo ,  I x l  = s;v(x,d Ix)= 1}. 

Using Fact 2 we get 

[ ~: [ _-< (")s !2 ~ 2 "-'~). 

Since (")< n~/s!, in order  that [~ 1 < ] 9 .  [, it will suffice that 

(2n ) ' 2 - °_ -  < 1 
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o r  

s - - 3  
log2n => 

2 

PROOF OF FACT 1. Let d be a D-metr ic  on a set X. 

We may assume that t X I --> 4, since otherwise X is isometric to a subset of the 

Euclidean plane. 

We shall consider two cases. 

Case I. The relation d(x, y)_<- 1 for x, y ~ X is transitive, and hence it is an 

equivalence relation on X. 

In this case one shows easily that y(X, d) = 1. 

Case II. The relation d(x,y)_-< 1 is not transitive. This implies that there 

exist x, y, z ~ X s.t. d(x ,y )=  1, d ( y , z ) =  1, d (x , z )=2 .  Pick another point 

w E X. Let  Xo = {x, y, z, w}. It is clear that the set (X0, d) cannot be embedded 

isometrically into 12. (One could not have an isometric embedding T with 

T ( x ) =  el, T(y)  = 0, T ( z ) =  - e l  and lie1- Tw II, I I 0 - T w  I1, I I - e l -  Tw II being 

either 1 or 2.) Since y(X, d) >- y(X0, dxo) and there are only finitely many types 

of D-metr ic  spaces on {x, y, z, w}, the existence of some e0 is obvious. This 

proves Fact 1. 

PROOF OF FACT 2. TO obtain Fact 2, it suffices from previous discussions to 

estimate from above the number of equivalence relations, on the set Zs. Since 

after a suitable permutation of Zs the classes of equivalent elements become 

intervals which can be coded by marking their initial elements, the estimate by 

s!2 ~ becomes obvious. 
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